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Abstract

Disjunctive Logic Programming(DLP) is a very
expressive formalism: it allows to express every
property of finite structuresthat is decidablein the
complexity class

����
( ��� �
	 ). Despitethehighex-

pressivenessof DLP, therearesomesimpleproper-
ties,oftenarisingin real-world applications,which
cannot beencoded in a simpleandnatural manner.
Among these,propertiesrequiring to apply some
arithmeticoperators (like sum,times,count) on a
set of elementssatisfying someconditions, can-
not be naturally expressedin DLP. To overcome
this deficiency, in this paperwe extend DLP by
aggregate functions. We formally define the se-
manticsof the new language,named DLP

�
. We

show the usefulnessof the new constructson rel-
evantknowledge-basedproblems. We analyzethe
computationalcomplexity of DLP

�
, showing that

the additionof aggregatesdoesnot bring a higher
costin thatrespect.We provideanimplementation
of the DLP

�
language in DLV– the state-of-the-

art DLP system– andreport onexperimentswhich
confirm the usefulnessof the proposedextension
alsofor theefficiency of thecomputation.

1 Intr oduction

Expressivenessof DLP. DisjunctiveLogicPrograms(DLP)
arelogic programswhere(nonmonotonic)negation mayoc-
cur in thebodies,anddisjunctionmayoccurin theheadsof
rules. This language is very expressive in a precisemath-
ematicalsense: it allows to expressevery property of fi-
nite structures that is decidable in the complexity class

����
( �
� �
	 ). Therefore, under widely believed assumptions,�
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DLP is strictly more expressive than normal (disjunction-
free) logic programming, whoseexpressivenessis limited to
propertiesdecidable in �
� . DLP canthusexpressproblems
which cannot be translatedto Satisfiability of CNF formu-
las in polynomial time. Importantly, besidesenlarging the
classof applications which canbeencoded in the language,
disjunctionoften allows for representing problemsof lower
complexity in a simplerandmorenatural fashion(see[Eiter
et al., 2000]).

The problem. Despitethis high expressiveness,thereare
somesimpleproperties,often arising in real-world applica-
tions,which cannot beencodedin DLP in a simpleandnat-
ural manner. Amongtheseareproperties requiring to apply
somearithmetic operator(e.g., sum,times,count) on a setof
elementssatisfyingsomeconditions. Suppose,for instance,
that you want to know if the sumof the salariesof the em-
ployeesworking in a teamexceedsagivenbudget(seeTeam
Building , in Section3). To this end,you shouldfirst order
theemployeesdefining asuccessorrelation. Youshouldthen
definea sumpredicate, in a recursive way, which computes
thesumof all salaries,andcompare its resultwith thegiven
budget. This approachhastwo drawbacks:(1) It is badfrom
theKR perspective,astheencoding is notnaturalatall; (2) it
is inefficient,asthe(instantiationof the)programis quadratic
(in thecardinality of theinputsetof employees).Thus,there
is a clearneedto enrichDLP with suitableconstructsfor the
natural representation andto provide meansfor an efficient
evaluation of suchproperties.

Contrib ution. We overcometheabove deficiency of DLP.
Insteadof inventingnew constructs from scratch,we extend
the language with a sortof aggregatefunctions,first studied
in the context of deductive databases,and implement them
in DLV [Eiter et al., 2000] – thestate-of-the-artDisjunctive
Logic Programming system.The maincontributionsof this
paperarethefollowing.� We extendDisjunctive Logic Programming by aggregate
functions andformally definethe semanticsof the resulting



language,namedDLP
�

.� We� addressknowledge representationissues,showing the
impactof thenew constructsonrelevant problems.� We analyze the computationalcomplexity of DLP

�
. Im-

portantly, it turns out that the addition of aggregatesdoes
notincreasethecomputationalcomplexity, whichremainsthe
sameasfor reasoning on DLP programs.� We provide an implementationof DLP

�
in the DLV sys-

tem,deriving new algorithmsandoptimizationtechniquesfor
theefficientevaluation.� We reporton experimentation, evaluatingtheimpactof the
proposedlanguage extensionon efficiency. Theexperiments
confirmthat,besidesproviding relevant advantagesfrom the
knowledgerepresentationpoint of view, aggregatefunctions
canbringsignificantcomputationalgains.� We compareDLP

�
with relatedwork.

We present themostrelevant aspectsof DLP
�

andof its im-
plementationhere,referring theinterestedreader to a techni-
cal report with all details[Dell’Armi et al., 2003].

2 The DLP
�

Language
In this section,we provide a formal definition of the syntax
andsemanticsof theDLP

�
language – anextensionof DLP

by set-oriented functions (also called aggregate functions).
We assumethatthereaderis familiarwith standardDLP; we
referto atoms,literals,rules,andprogramsof DLP, asstan-
dard atoms,standard literals, standard rules, andstandard
programs,respectively. For furtherbackground, see[Gelfond
andLifschitz, 1991; Eiteret al., 2000].

2.1 Syntax
A (DLP

�
) set is eithera symbolic set or a ground set. A

symbolicset is a pair ������������� �"!$#$% , where �&�'��� is a list
of variables and � �"!$# is a conjunction of standardliterals.1

A groundset is a setof pairsof the form ( )*�+� �"!$#-, , where) is a list of constantsand � �"!$# is a ground (variable free)
conjunctionof standardliterals. An aggregate functionis of
the form .0/2143 , where 1 is a set, and . is a functionname
among 57698�:-;=< , 5
>�?+; , 5@>
A9B , 57C":9> , 5D<
?E>
F$C . An aggre-
gateatomis GIH7J KL.0/21I3MJ �ON H , where.0/21I3 is anaggregate
function, J K"P J ��Q ��R PIS�P4T�PVU�PXW % , and G*H and

N H (called
left guard, andright guard, respectively) areterms. Oneof
“ GIHYJ@K ” and“ J �ZN H ” canbeomitted. An atom is eithera
standard(DLP) atomor anaggregateatom.A literal G is an
atom[ oranatom[ precededby thedefaultnegationsymbol
not; if [ is anaggregateatom, G is anaggregateliteral.

A (DLP
�

) rule \ is aconstruct]=^Z_a`�`�`I_b]9c d egfV^�h�`i`j`�hkfil'h&m9nXopf�l�q ^ h�`�`�`�h�m9nVorf�s
t
where u K"PVvXvXvVP u-w arestandardatoms,x K'PXvVvXvXP xiy areatoms,

and ! W z$P@{ W |}W z . The disjunction u~K��vXvVv � u�w is the head of \ , while the conjunctionx K'PX������P xE� P ;$89<�xE�i� K"PX������P ;�8�<�xiy is thebodyof \ . A (DLP
�

)
program is asetof DLP

�
rules.

Syntactic Restrictionsand Notation
1Intuitively, a symbolic set �E� d�]$� � h�� ��h��
���
��� stands

for the set of � -values making ]�� � h��@��h��
���
� true, i.e.,�E� d2�9���Xt���tV]$� � h�� ��h��
���
�����*�����- V� . Note thatalsonegative liter-
alsmayoccurin theconjunction ¡M¢X£�¤ of a symbolicset.

For simplicity, andwithout lossof generality, we assume
that the body of eachrule contains at most one aggregate
atom. A global variable of a rule \ is a variableappearing
in somestandard atomof \ ; a local variable of \ is a variable
appearing solelyin anaggregatefunctionin \ .

Safety. A rule \ is safeif thefollowing conditionshold: (i)
eachglobalvariable of \ appearsin apositivestandardliteral
in thebodyof \ ; (ii) eachlocal variable of \ appearing in a
symbolic set ���&�'��� ��� �"!$#$% , alsoappears in apositiveliteral
in � �"!$# ; (iii) eachguardof anaggregateatomof \ is either
a constantor a globalvariable.A programis safeif all of its
rulesaresafe.
Example1 Considerthefollowing rules:�
� � ��d e*¥9� � h��¦h�§���hk�g¨Y©Lª-«V¬ �X­ d+®9� ­ ��h�m9nVoL]�� ­ h�§
���"t�
� � ��d e*¥9� � h��¦h�§���hk�g¨Y©�¯E°Xª �X­ dVm�nVoL]�� ­ h�±²���"t�
� � ��d e*¥9� � h��¦h�§���h�³´¨µ©Lª=¶im �V­ d+®�� ­ ��h�m9nVoM]$� ­ h�§����'t
Thefirst rule is safe,while thesecondis not,sincebothlocal
variables · and 1 violatecondition (ii). Thethird rule is not
safeeither, sincetheguard ¸ is notaglobalvariable,violating
condition (iii).

Stratification. A DLP
�

program ¹ is aggregate-stratified
if thereexistsa function º�º$º�º , calledlevel mapping, from the
setof (standard)predicatesof ¹ toordinals,suchthatfor each
pair u and x of (standard) predicatesof ¹ , andfor eachrule\ Q ¹ : (i) if u appears in theheadof \ , and x appearsin an
aggregateatomin thebodyof \ , then º�º x�º�º S º�º u~º�º , and(ii) ifu appearsin theheadof \ , and x occurs in a standard atomin
thebodyof \ , then º�º x9º�º T º�º u~º�º .
Example2 Considertheprogramconsistingof asetof facts
for predicatesu and x , plusthefollowing two rules:¥9� � ��d e²�&� � ��h�©�»+nE°"m'o � �¼d"]����¦h � ��h�f+� � ���O½Y¾'t�
� � ��d eI¥9� � ��hkf+� � ��t
The program is aggregate-stratified, as the level mappingº�º u~º�º0R¿º�º x�º�º0RÁÀ º�º Â¦º�º*RÃº�º Ä�º�º0RÆÅ satisfiesthe required

conditions. If we add the rule x�/ÈÇp3E� É*Â¦/ÈÇp3 , thenno legal
level-mapping exists and the program becomesaggregate-
unstratified.

Intuitively, aggregate-stratification forbids recursion
through aggregates, which could cause an unclear se-
mantics in some cases. Consider, for instance, the
(aggregate-unstratified) program consisting only of ruleÂ�/2u=3i� É
5Ê6989:-;=<��VÇ �@Â�/ËÇp3�%ÌR z . Neither Â�/2u-3 nor Í is
an intuitive meaning for the program. We should probably
assertthat the above programdoesnot have any answerset
(defining a notion of “stability” for aggregates), but then
positive programswould not always have an answerset if
thereis no integrity constraint. In the following we assume
thatDLP

�
programsaresafeandaggregate-stratified.

2.2 Semantics
Givena DLP

�
program ¹ , let ÎÐÏ denote thesetof constants

appearing in ¹ , Î@ÑÏÁÒ Î Ï thesetof thenatural numbersoc-
curring in Î Ï , and Ó Ï thesetof standardatomsconstructible
from the (standard) predicatesof ¹ with constantsin Î@Ï .

Furthermore,given a set Ç , Å=Ô denotesthesetof all multi-
setsover elementsfrom Ç . Let usnow describethedomains
andthemeaningsof theaggregatefunctionsweconsider:

57698�:-;=< : definedover Å�Õ-Ö , thenumberof elementsin theset.



57C":�> : definedover Å=Õ
×
Ö , thesumof thenumbersin theset.

5�<
?i>
F$C : over Å Õ
×
Ö , theproduct of thenumbersin theset.2

5@>�?V; , 5@>&A�B : defined over Å=Õ-ÖØÉÙ�"Í=% , the mini-
mum/maximum element in the set; if the set containsalso
strings,thelexicographicorderingis considered.3

If theargumentof anaggregatefunctiondoesnotbelong to its
domain, the aggregateevaluatesto false,denoted as Ú (and
our implementation issuesa warningin this case).

A substitutionis a mapping from a setof variables to the
set Î Ï of theconstantsappearing in theprogram ¹ . A sub-
stitution from the setof global variables of a rule \ (to Î@Ï )
is a global substitutionfor r; a substitutionfrom the setof
local variablesof a symbolicset 1 (to Î Ï ) is a local substi-
tution for 1 . Given a symbolicsetwithout global variables1ÛRÜ�¦���'���D��� �"!$#$% , the instantiation of set 1 is thefollow-
ing groundsetof pairs Ý�!�ÞX)E/�1I3 :��(Èß0/9���'���V3O�'ß0/�� �"!$#-3�,�ºEß is a local substitutionfor 1M% .4
A groundinstanceof a rule \ is obtainedin two steps: (1)
a global substitutionà for \ is first appliedover \ ; (2) ev-
ery symbolic set 1 in à*/Ë\'3 is replacedby its instantiationÝ�!�ÞV)E/21I3 . The instantiationá \'�"â&!²ã�/È¹Z3 of a program ¹ is
thesetof all possibleinstancesof therulesof ¹ .
Example3 Considerthefollowing program ¹ K :¥9��äE�$_��
�Ë¾'h�¾+��t ¥9�Ë¾+�$_��
�Ë¾'h�äE��tå � � ��d e*¥9� � ��h�© ¯E°Xª � �¼d��
� � h��@����æçäVt
Theinstantiationá \"�"â&!²ã&/�¹@KV3 is thefollowing:¥9��äE�$_��
�Ë¾'h�¾+��t ¥9�Ë¾+�$_��
�Ë¾'h�äE��tå ��äi��d e0¥���äi��h�©�¯E°Xª �'è äOd��
��äVh�äE�ké�h è ¾
dj�
��äVh�¾+�ké���æçäVtå �Ë¾V��d e0¥��Ë¾V��h�©�¯E°Xª �'è äOd��
�Ë¾'h�äE�ké�h è ¾
dj�
�Ë¾'h�¾+�ké���æçäVt

An interpretationfor a DLP
�

program ¹ is a setof stan-
dardground atomsê Ò Ó Ï . Thetruthvaluation ê&/Ë[@3 , where[ is a standard ground literal or a standard groundconjunc-
tion, is definedin theusualway. Besidesassigningtruth val-
uesto thestandardground literals,aninterpretationprovides
themeaningalsoto (ground)sets,aggregatefunctionsandag-
gregateliterals; themeaning of a set,anaggregatefunction,
andanaggregateatomunderan interpretation,is a multiset,
a value,anda truth-value,respectively. Let .0/�1I3 bea anag-
gregatefunction. Thevaluation ê&/21I3 of set 1 w.r.t. ê is the
multisetof thefirst constantof thefirst componentsof theele-
mentsin 1 whoseconjunctionis truew.r.t. ê . Moreprecisely,
let 1~ë�Rì�-(È) K'PX������P )�w�,@º
(È) K'PX������P )�w
��� �"!$#-, Q 1Ií Conj is true
w.r.t. I % , then ê&/21I3 is themultiset î�) K º¦(È) K�PX������P )�w�, Q 1²ë�ï .
Thevaluationê&/2.0/�1I3�3 of anaggregatefunction .0/21I3 w.r.t. ê
is theresultof theapplicationof thefunction . on ê&/21I3 . (If
themultiset ê&/21I3 is not in thedomainof . , ê�/�.0/21I3�3IRðÚ .)

An aggregateatom [ñRñG*HØJ K .0/21I3òJ � N H is true
w.r.t. ê if: (i) ê�/�.0/21I3�3ôóRõÚ , and, (ii) the relationshipsG*HÌJ K ê&/2.0/2143�3 , and ê&/2.0/�1I3�3öJ � Î
H hold whenever they
arepresent;otherwise, [ is false.

Using the above notion of truth valuation for aggregate
atoms,the truth valuations of aggregateliteralsandrules,as

2 ©�¯i°Xª and ©�o9¶jª�÷�¯ appliedover an emptyset return0 and1,
respectively.

3Thelatteris not yet supportedin our first implementation.
4Givena substitutionø anda DLPù object ú f ¤ (rule, conjunc-

tion, set,etc.),with a littl e abuseof notation,we denoteby ø � ú f ¤ �
theobjectobtainedby replacingeachvariable� in ú f ¤ by ø � � � .

well asthenotion of model, minimal model,andanswerset
for DLP

�
arean immediate extensionof thecorresponding

notions in DLP [GelfondandLifschitz, 1991].

Example4 Considerthe aggregate atom [ûRû57C":�>²��(�À��Â�/�Å P À+3�, P (�Åü�0Â�/�Å P Å93�,i% U À from Example 3. Let 1 be
the ground set appearing in [ . For interpretation êýR�+Ä=/�Å93 P Â�/�Å P Å93 P )E/2Å�3�% , ê&/21I3YRþî Å"ï , the application of 57C":9>
over î Å"ï yields Å , and [ is therefore truew.r.t. ê , sinceÅ U À .ê is ananswersetof theprogramof Example 3.

3 KnowledgeRepresentationin DLP
�

In thissection,weshow how aggregatefunctionscanbeused
to encoderelevant problems.

TeamBuilding. A projectteamhasto bebuilt from asetof
employeesaccording to thefollowing specifications:/ÿÂ K 3 Theteamconsistsof a certainnumber of employees./ÿÂ � 3 At least a given number of different skills must be
presentin theteam./ÿÂ��V3 Thesumof thesalariesof theemployeesworking in the
teammustnotexceedthegivenbudget./ÿÂ��+3 Thesalaryof eachindividual employeeis within aspec-
ified limit./ÿÂ��V3 Thenumberof womenworking in theteamhasto reach
at leastagivennumber.
Supposethatouremployeesareprovidedbyanumberof facts
of theformemp(EmpId,Sex,Skill,Salary); thesizeof theteam,
theminimumnumberof differentskills, thebudget, themax-
imum salary, andtheminimumnumber of womenarespeci-
fied by the factsnEmp(N), nSkill(N), budget(B), maxSal(M),
andwomen(W). Wethenencodeeachproperty Â�� aboveby an
aggregateatom [�� , andenforce it by an integrity constraint
containing ;$8�<�[ � .� £ �
	9��_ ¢�� å �
	9��d e�
��
�
�
	-h�±���h�±���h�±
]���td e £�� �
�
���Ê��h�m�nVo�©�»+nE°"m'o � 	�d � £ �
	9������� td e £ ±�� ����� ���Û��hkm9nVoO© »+nX°"m'o � ±�� d�
��@�&�
	-h�± �&h�±��=h�±
]���h � £ �
	9���"!#� td eIf �%$�& 
 å ��'
��hËm9nVoO© ¯E°Xª � ±
]=h(	�d)
��
�
�
	-hk± �&h�±*�=h�±
]���h � £ �
	9����½#'�td e+� ],��±
] � ���ò��h2m9nVoL©Lª-«V¬ � ±~]Dd)
��
�
�
	-hk± �&h�±*�=h�±
]���h � £ �
	9����½-� td e+. ¢ �/
 £ ��0b��h�m�nVoO©�»VnX°"m'o � 	Dd�
��@�
�
	-h21�h�±���h�±
]���h � £ �
	9���"!#0gt

Intuitively, the disjunctive rule “guesses”whetheran em-
ployee is included in the teamor not, while the five con-
straintscorrespondone-to-one to the five requirementsÂ K -Â � . Thanks to the aggregatesthe translationof the specifi-
cationsis surprisingly straightforward. The examplehigh-
lights the usefulness of representing both sets and multi-
sets in our language (a multiset can be obtained by spec-
ifying more than one variable in ������� of a symbolic set���&�'��� �Y� �"!$#$% ). For instance,the encoding of Â � re-
quiresa set, as we want to count different skills; two em-
ployees in the team having the sameskill, should count
oncew.r.t. Â � . On the contrary, Â � requires to sumthe ele-
mentsof a multiset; if two employeeshave the samesalary,
both salariesshould be summedup for Â�� . This is ob-
tained by adding the variable ê to ���'��� . The valuation
of �"1*u P ê´�43 { Â�/2ê P 165 P 1 |
P 1*u=3 P Ý�!I/2ê�3i% yields the set 1 R��(�1*u P ê-,Æ�¼1Iu/7��98�:<;
�X�)=�����>@?BAC;ED"F =G?)>H;I;OêJ7
KL8
:M;N8(;j�,D % .
Then,thesumfunction is appliedon themultisetof thefirst
components1*u of thetuples (21Iu P ê�, in 1 (seeSection2.2).

Seating. We have to generatea sitting arrangementfor
a number of guests,with { tablesand ! chairsper table.



Guestswholikeeachothershouldsit atthesametable;guests
whodislikeeachothershouldnotsit at thesametable.

Suppose that the number of chairsper table is specified
by !��PO�u�Ý�\'Þ�/ËÇp3 andthat Â�3+\'Þ+�"!I/RQD3 and )�u=x�S�3-/È¸@3 represent
theguestsandtheavailabletables,respectively. Then, wecan
generatea seatingarrangement by thefollowing program:

% GuesswhetherpersonPsitsat tableT or not.] å ��T0h�³M�$_ £�¢ å ] å ��T*h�³L��d e~�U
i®WV ¢V£ ��T���h å ]�f � 
'��³M��t
% Thepersonssitting at a tablecannot exceedthechairs.d e å ]�f � 
'��³M��h £�¡YX ] � ®WV'� ¡ ��h�m9nVo�©�»VnX°"m'o � T�d+] å ��T0h�³M����½ ¡ t
% A personis seatedat preciselyonetable;equivalent
% to d e²�U
i®�V ¢X£ ��T���h�] å ��T0h�³M��h�] å ��T0h[ZL��h�³ò¨Oæ-Z¦td e
�U
i®�V ¢X£ ��T���h2m9nVo�© »+nX°"m'o � ³òd+] å ��T0h�³M����� ä+t
% Peoplewho like eachothershouldsit at thesametable...d e �\� �4
'��T@ä+h]T�¾V��hk] å ��T@äVh�³M��h�m9nVoÐ] å ��T�¾�h�³L��t
% ...while people who dislike eachothershouldnot.d e $ � V �\� �H
'��T@ä+h]T�¾+��h�] å ��T@ä+h2³L��h�] å ��T�¾�h2³L��t

4 Computational Complexity of DLP
�

As for the classicalnonmonotonic formalisms [Marek and
Truszczýnski, 1991], two important decisionproblems,cor-
responding to two differentreasoning tasks,arisein DLP

�
:

(Brave Reasoning) Given a DLP
�

program ¹ and a
ground literal G , is G truein someanswersetof ¹ ?

(Cautious Reasoning)Given a DLP
�

program ¹ anda
ground literal G , is G truein all answersetsof ¹ ?

The following theorems report on the complexity of the
above reasoning tasksfor propositional(i.e., variable-free)
DLP

�
programsthat respectthe syntacticrestrictionsim-

posedin Section2 (safetyandaggregate-stratification). Im-
portantly, it turnsout thatreasoning in DLP

�
doesnot bring

an increasein computationalcomplexity, which remainsex-
actly the sameas for standardDLP. (See[Dell’Armi et al.,
2003] for theproofs.)

Theorem5 BraveReasoning on ground DLP
�

programsis�M��
-complete.

Theorem6 CautiousReasoning ongroundDLP
�

programs
is ^ �� -complete.

5 Implementation Issues
The implementationof DLP

�
required changes to all mod-

ulesof DLV. Apartfromapreliminarystandardizationphase,
mostof theeffort concentratedon the Intelligent Grounding
andModel Generator modules.

Standardization. After parsing, eachaggregate [ is trans-
formed suchthat both guards arepresentandboth J K andJ � are set to T . The conjunction � �"!$# of the symbolic
setof [ is replacedby a single,new atom [�â�5 anda rule[�â�5�� É�� �"!$# is addedto theprogram(theargumentsof [�â�5
beingthedistinctvariablesof � �"!$# ).

Instantiation. The goal of the instantiatoris to generate
a ground programwhich haspreciselythesameanswersets
as the theoreticalinstantiation á \'�"â�!²ã&/�¹Z3 , but is sensibly
smaller. The instantiationproceeds bottom-up following the
dependenciesinduced by therules,and,in particular, respect-
ing theorderingimposedby theaggregate-stratification.Let
“ _ � É�Ó P u�H�H-\ � ” be a rule, where _ is the headof the rule,Ó is theconjunction of thestandardbody literals,and u9H�H-\

is an aggregate literal over a symbolic set ������������[�â�5²% .
First we compute an instantiation Ó for the literals in Ó ;
this bindsthe global variables appearing in [�â�5 . The (par-
tially bound) atom [�â�5 is then matchedagainst its exten-
sion(sincethebottom-upinstantiationrespectsthestratifica-
tion, the extensionof [�â�5 is alreadyavailable),all match-
ing facts are computed, and a set of pairs ��(�`&K'/9���'���"3Û�
` K / [�â�5
3�, P ...,(�`�w~/��������+3b�a`'w~/ [�â�5&3�,i% is generated, where
` � is a substitution for the local variables in [�â�5 such
that `)��/ [�â�5~3 is an admissibleinstanceof [�â�5 (recall that
DLV’s instantiatorproducesonly thoseinstancesof a predi-
catewhich canpotentially become true [Faberet al., 1999a;
Leoneet al., 2001])5. Also, we only storethoseelements of
thesymbolicsetwhosetruth valuecannot bedeterminedyet
andprocesstheothers dynamically, (partially) evaluatingthe
aggregatealreadyduring instantiation.The sameprocessis
thenrepeatedfor all furtherinstantiationsof theliteralsin Ó .

Example7 Considerthefollowing rule \ :
�
� � ��d e*¥�� � ��h�äO¨µ©�»+nX°"m"o � �ðd+]�� � hk�
��h�m9nVoLfV���
���'t

Thestandardizationrewrites \ to:�
� � ��d e*¥9� � ��h�¾
½µ©�»+nX°+m'o � �¼d"] � �
� � h�� ����½#bYt] � �
� � h��@��d e*]�� � hk� ��h�m9nVoMfV���
��t
Suppose that the instantiationof the rule for u�â�5 gener-

ates3 potentially true factsfor u�â�5 : aux(1,a), aux(1,b), and
aux(2,c). If thepotentiallytruefactsfor Ä are Ä=/�À+3 and Ä=/�Å93 ,
thefollowing groundinstancesaregenerated:6�
��äi��d e*¥9��äE��h�¾
½�©�»VnX°"m'o �'è ]0dÈ] � �
��ä+h�]��ké�h è f$dÈ] � �&��ä+h�f��ké��
½�b t�
�Ë¾V��d e*¥9�Ë¾+��h�¾�½Y© »+nX°"m'o �'è
c d"] � �
�Ë¾'h c �ké��O½�bYt

Duplicate SetsRecognition. To optimizethe evaluation,
wehavedesignedahashingtechniquewhichrecognizesmul-
tiple occurrencesof thesamesetin theprogram,evenin dif-
ferentrules,andstoresthemonly once. This savesmemory
(setsmay be very large), andalsoimplies a significantper-
formancegain,especiallyin themodel generationwheresets
arefrequentlymanipulatedduringthebacktrackingprocess.

Example8 Considerthefollowing two constraints:
c ^�d d e ä�d@½µ©Lª-«X¬ � §üd $ �Ë§�h � ���"t
c�e d d e ©Lª=¶Em � �ðd $ ���¦h ­ ���
½-f't

Our technique recognizesthat the two setsare equal,and
generatesonly oneinstancewhich is sharedby g K and g � .

Now assumethat both constraintsadditionally containa
standardliteral Â¦/ÈÇp3 . In thiscase,g9K and g � have ! instances
each,where ! is the number of factsfor Â¦/ÈÇp3 . By means
of our technique,eachpair of instancesof g K and g � sharesa
common set,reducingthenumberof instantiatedsetsby half.

Model Generation. We have designed an extension of
theDeterministicConsequencesoperator of theDLV system
[Faberet al., 1999b] for DLP

�
programs. The new opera-

tor makesboth forward andbackward inferenceson aggre-
gateatoms,resulting in an effective pruning of the search
space. We have thenextended the Dowling andGallier al-
gorithm [Dowling andGallier, 1984] to computeafixpoint of

5A ground atom h canpotentiallybecome trueonly if we have
generateda groundinstancewith h in thehead.

6Notethataground setcontainsonly those] � � atomswhichare
potentiallytrue.



this operator in linear time usinga multi-linked datastruc-
ture of pointers. Given a ground set ¸ , say, �-(È) KK PV������P ) Kw �[�â�5 K , PV������P (È) y K PX������P ) yw �L[�â�5 y , , this structureallows us to
accesş in i´/�À+3 whenever some [�â�5 � changes its truth
value (supporting fast forward propagation); on the other
hand, it provides direct accessfrom ¸ to each [�â�5 � atom
(supporting fastbackwardpropagation).

6 Experimentsand Benchmarks
To assesstheusefulnessof theproposedDLP extension and
evaluateits implementation,we comparethe following two
methods for solvinga given problem:� DLV

�
. Encodetheproblemin DLP

�
andsolveit by using

ourextensionof DLV with aggregates.� DLV. Encodetheproblemin standardDLP andsolve it by
usingstandard DLV.

To generateDLP encodings from DLP
�

encodings,suit-
ablelogic definitionsof theaggregatefunctionsareemployed
(whicharerecursive for 5Ê6989:-;=< , 57C":�> , and 5D<
?E>
F$C ).

We compare thesemethods on two benchmarkproblems:
Time Tabling is a classicalplanning problem. In partic-

ular, we considerthe problem of planning the timetableof
lectureswhich somegroups of studentshave to take. We
considera numberof real-world instancesat our University,
whereinstance| dealswith | groups.

Seating is the problem describedin Section3. We con-
sider4 (for small instances)or 5 (for larger instances)seats
pertable,with increasingnumbersof tablesandpersons(with
KMjUD�kl;X���E?)K��rRmK�jUDan�;��)82� � K�jUDpo��HqE=G;E� ). For eachprob-
lemsize(i.e.,seats/tablesconfiguration), we considerclasses
with differentnumbersof likeresp.dislikeconstraints,where
the percentagesarerelative to themaximum number of like
resp.dislike constraints suchthat the problem is not over-
constrained7. In particular, weconsiderthefollowing classes:
-) no like/dislike constraintsat all; -) 25% like constraints;
-) 25% like and25% dislike constraints; -) 50% like con-
straints; -) 50% like and50% dislike constraints. For each
problem size,we have randomly generated 10 instancesfor
eachclassabove.

For Seatingwe usethe DLP
�

encoding reported in Sec-
tion 3; all encodings and benchmark data are also avail-
able on the web at http:// www.dlvsys tem.com/
examples/ ijcai03.zi p.

Numberof ExecutionTime InstantiationSize
Groups DLV DLV ù DLV DLV ù

1 10.95 0.55 91217 6972
2 36.79 2.05 178533 13986
3 79.84 4.68 264938 20888
4 147.53 7.86 367014 29029
5 224.46 12.30 436544 36043
6 321.85 17.18 518950 42767
7 437.94 25.36 606361 49993
8 618.23 37.78 761429 61916
9 - 57.00 - 74027

Figure1: ExperimentalResultsfor Timetabling

7Beyondthesemaximathereis trivially no solution.

Numberof ExecutionTime InstantiationSize
Persons DLV DLV ù DLV DLV ù

8 0.010 0.010 320 101
12 0.034 0.010 996 248
16 26.872 0.011 2272 490
25 - 0.024 6643 1346
50 - 0.307 50029 7559
75 - 1.883 165442 22049
100 - 7.082 387886 47946
125 - 64.293 752769 88781
150 - 152.450 1294977 147567

Figure2: ExperimentalResultsfor Seating

WeranthebenchmarksonAMD Athlon1.2machineswith
512MB of memory, usingFreeBSD4.7 andGCC 2.95. We
have alloweda maximum running time of 1800 seconds per
instanceanda maximum memory usageof 256MB. Cumu-
latedresultsareprovidedin Figures1 and2. In particular, for
Timetabling we report theexecution time andthesizeof the
residualground instantiation(the total number of atomsoc-
curring in theinstantiation, wheremultipleoccurrencesof the
sameatomarecounted).8 For Seating,theexecution time is
theaveragerunning time over theinstancesof thesamesize.
A “-” symbol in the tablesindicatesthat the corresponding
instance(someof theinstancesof thatsize,for Seating)was
notsolvedwithin theallowedtimeandmemory limits.

On both problems, DLV
�

clearly outperforms DLV. On
Timetabling, the execution time of DLV

�
is one order of

magnitudelower thanthatof DLV on all problem instances,
andDLV couldnotsolvethelastinstanceswithin theallowed
memory andtime limits. On Seating,thedifferencebecomes
even moresignificant. DLV could solve only the instances
of small size (up to 16 persons- 4 tables,4 seats);while
DLV

�
couldsolve significantlylarger instancesin a reason-

abletime. Theinformationabout theinstantiationsizespro-
videsan explanation for sucha big differencebetweenthe
execution timesof DLV andDLV

�
. Thanks to the aggre-

gates,the DLP
�

encodings of TimetablingandSeatingare
moresuccinctthanthecorrespondingencodings in standard
DLP; this succinctnessis alsoreflectedin theground instan-
tiationsof theprograms.Sincetheevaluation algorithmsare
thenexponential(in theworstcase)in thesizeof the instan-
tiation, the execution times of DLV

�
turn out to be much

shorterthantheexecution timesof DLV.

7 RelatedWorks
Aggregate functions in logic programming languages ap-
pearedalreadyin the 80s, when their needemerged in de-
ductive databaseslike LDL [Chimentiet al., 1990] andwere
studiedin detail, cf. [RossandSagiv, 1997; KempandRa-
mamohanarao, 1998]. However, the first implementationin
AnswerSetProgramming, basedon the Smodelssystem,is
recent[Simonset al., 2002].

Comparing DLP
�

to thelanguageof Smodels,weobserve
a strongsimilarity betweencardinality constraintsthereand57698�:-;=< . Also 57C":9> andweight constraintsin Smodelsare

8Notethatalsoatomsoccurringin thesetsof theaggregatesare
countedfor theinstantiationsize.



similar in spirit. Indeed, theDLP
�

encodingsof bothTeam
Buildingr andSeatingcanbeeasilytranslatedtoSmodels’ lan-
guage. However, thereare somerelevant differences. For
instance,in DLP

�
aggregateatomscan be negated,while

cardinality andweightconstraintliterals in Smodelscannot.
Smodels,on theotherhand,allows for weightconstraintsin
the headsof rules,while DLP

�
aggregatescannot occur in

heads.(Thepresenceof weightconstraintsin headsis apow-
erful KR feature; however, it causesthelossof someseman-
tic property of nonmonotonic languages [Marek and Rem-
mel,2002].) ObservealsothatDLP

�
aggregateslike 5@>�?+; ,5@>
A9B , and 5�<&?E>
F$C do not have a counterpart in Smodels.

Moreover, DLP
�

providesa general framework wherefur-
theraggregatescanbeeasilyaccommodated(e.g., 5 A9;Us and5 A4tvu are alreadyunderdevelopment). Furthermore, note
that symbolic setsof DLP

�
directly representpure (math-

ematical)sets,and can also represent multisetsrathernat-
urally (seethe discussionon TeamBuilding in Section3).
Smodelsweightconstraints,instead,work on multisets,and
additional rulesareneededto encode puresets;for instance,
Condition Â � of TeamBuilding cannot be encodeddirectly
in a constraint,but needsthedefinition of anextra predicate.
A positive aspectof Smodels is that,thanksto strictersafety
conditions (all variablesareto berestrictedby domain pred-
icates), it is ableto dealwith recursionthrough aggregates,
which is forbiddenin DLP

�
. Finally, notethatDLP

�
deals

with setsof terms,while Smodelsdealswith setsof atoms.
As far as the implementationis concerned,alsoSmodelsis
endowed with advanced pruning operators for weight con-
straints,whichareefficiently implemented;wearenotaware,
though, of techniquesfor theautomaticrecognition of dupli-
catesetsin Smodels.

DLP
�

alsoseemsto beverysimilar to aspecialcaseof the
semanticsfor aggregatesdiscussedin [Gelfond,2002], which
we arecurrently investigating.

Another interestingresearchline uses4-valued logicsand
approximatingoperatorsto definethesemanticsof aggregate
functions in logic-based languages [Denecker et al., 2001;
2002; Pelov, 2002]. Theseapproachesarefoundedon very
solid theoreticalgrounds,andappearverypromising, asthey
couldprovide a cleanformalizationof a very general frame-
work for arbitrary aggregatesin logic programming andnon-
monotonic reasoning, whereaggregateatomscanalso“pro-
duce”new values(currently, in bothDLP

�
andSmodels the

guards of the aggregatesneedto be bound to somevalue).
However, theseapproachessometimesamount to a higher
computationalcomplexity [Pelov, 2002], andthereis no im-
plementationavailablesofar.

8 Conclusion

WehaveproposedDLP
�

, anextensionof DLP by aggregate
functions,andhave implementedDLP

�
in theDLV system.

On the onehand, we have demonstratedthat the aggregate
functions increasethe knowledgemodeling power of DLP,
supporting a morenatural andconciseknowledgerepresen-
tation. On the other hand, we have shown that aggregate
functions do not increasethe complexity of the main rea-
soningtasks.Moreover, theexperimentshaveconfirmedthat

the succinctnessof the encodingsemploying aggregateshas
astrongpositive impactontheefficiency of thecomputation.

Futurework will concerntheintroductionof furtheraggre-
gateoperators, the relaxation of the syntacticrestrictions of
DLP

�
, andthedesignof furtheroptimization techniquesand

heuristicsto improve theefficiency of thecomputation.
We thank the anonymous reviewers for their thoughtful

commentsandsuggestionsfor improvementsof thispaper.
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